Abstract. In this paper we establish the function field analogue of Bateman-Horn conjecture in short interval in the limit of a large finite field. Hence we start with counting prime polynomials generated by primitive quadratic functions in short intervals. To this end we further work out on function field analogs of cancellation of Mobius sums and its correlations(Chowla type sums) and confirm that square root cancellation in Mobius sums is equivalent to square root cancellation in Chowla type sums.
Introduction
The well known conjecture of Hardy-Littlewood and Bateman-Horn predicts how often polynomials take prime values. For example, choose f 1 (T ),..., f r (T ) to be non-associate irreducible polynomials in Z[T ], with leading coefficient of each f i > 0 and suppose that for each prime p there exists n ∈ Z such that p ∤ f 1 (n) · · · f r (n) for all integers n. Set π f 1 ,f 2 ,...,fr as the number of positive integers n ≤ x such that f 1 (n), ..., f r (n) are all primes. π f 1 ,f 2 ,...fr (x) := #{1 ≤ n ≤ x : f 1 (n), ..., f r (n) are all primes} (1.1)
degf i x (logx) r where C(f 1 , f 2 , ..., f r ) := p prime 1 − ν(p)/p (1 − 1/p) m , ν(p) being the number of solutions to f 1 (T )...f r (T ) ≡ 0 (mod p) in Z/p. The product, C(f 1 , f 2 , ..., f r ) is called Hardy-Littlewood constant associated to f 1 (n), ..., f r (n) [12] . The only proved case of Bateman-Horn conjecture is the case of a single linear polynomial, which is the Dirichlet's theorem on primes in arithmetic progressions [4] . Bateman Horn conjecture reduces to the special case, Hardy-Littlewood twin primes conjecture on the density of twin primes, whenever r = 2, f 1 (T ) = T ; f 2 (T ) = T + 2, in (1.1) according to which the number of twin primes pairs less than x is:
We derive the function field analog of Bateman-Horn conjecture in the limit of large finite field in short interval.
Polynomial Ring and Prime Polynomials. Let F q [t] be the ring of polynomials over the finite field F q with q elements, q = p ν , p : prime. Let P n = {f ∈ F q [t]|degf = n} be the set of all polynomials of degree n and M n ⊂ P n be the subset of monic polynomials of degree n over F q . The polynomial ring F q [t] over a finite field F q shares several properties with the ring of integers and the analogies between number field and function fields are fundamental in number theory. For instance, as quantitative aspect of this analogy, we have the Prime Polynomial Theorem.
The prime polynomial theorem states that, the number π q (n) of monic irreducible polynomials of degree n is π q (n) = q n n + O q n/2 n , q n → ∞.
The prime polynomial theorem for arithmetic progression asserts, given a polynomial modulus Q ∈ F q [t], of positive degree and a polynomial A, coprime to Q, the number π q (n; Q, A) of primes P ≡ A (mod Q), P ∈ M n satisfies,
where Φ ( Q) is the number of coprime residues modulo Q. For q → ∞, the main term is dominant as long as degQ < n/2.
. In [7] Bary-Soroker considered the function field analogue of Hardy -Littlewood prime tuple conjecture, in the limit of a large finite field, for functions,
.., n. This result was established previously by Bender and Pollack [10] for the case i = 2.
1.1. Prime polynomials in short interval. Some of the salient problems of prime number theory deals with the study of distribution of primes in short interval and arithmetic progression. To set up an equivalent problem for the polynomial ring F q [t], we define short interval in function fields. Here we follow [15] for notations. For a nonzero polynomial, f ∈ F q [t], we define its norm by ||f || := #F q [t]/(f ) = q degf . Given a monic polynomial f ∈ M n of degree n, and h < n, "short intervals" around f ∈ M n of diameter q h is the set
) is of the form, f + h i=0 a i t i , where a = (a 0 , a 1 , ..., a h ) are algebraically independent variables over F q . The number of polynomials in this interval is H := #I(f ; h) = q h+1 .
For h = n − 1, I(f, n − 1) = M n is the set of all polynomials of degree n. For h < n, if ||f − g|| ≤ q h , then f is monic if and only if g is monic.
Bank, Bary-Soroker and Rosenzweig [6] obtained the result on counting prime polynomials in the short interval I(A, h) for the primitive linear function f (t) + g(t)x. In [5] the function field analogue of Hardy -Littlewood prime tuple conjecture on these primitive linear functions is resolved in short interval case.
Counting Prime polynomials and HIT. To establish the function field analogue of counting prime polynomials in short interval we start with irreducible quadratic function
with following properties. Let f, g ∈ F q [t] be non zero, relatively prime polynomials, g(t) a monic polynomial and the product f · g not a square polynomial with degf < degg. Hence, by the choice of f and g, it is clear that, the function
. The short interval I(p, m) defined as, h = p+P ≤m , degp > m, is given by
where a = (a 0 , a 1 , ..., a m ) are algebraically independent variables over F q . "Technically, the problem of finding prime polynomials in short interval is to find the number of tuples
." The key tool used is the Hilbert Irreducibility Theorem, which answers, does the specialization a → A ∈ F m+1 q preserve the irreducibility? We have,
and n = degF = degf = s + 2k > degg Under the above setup, we get an asymptotic for:
and we have the following theorem. , x 2 , ..., x r , T 1 , T 2 , ..., T s ) ∈ Q[x 1 , ..., x r , T 1 , ..., T s ] is irreducible, then there exists a specialization (t) = (t 1 , ..., t s ) such that f (x 1 , ..., x r ) = f (x 1 , ..., x r , t 1 , ..., t s ) as a rational polynomial in x 1 , ..., x r is irreducible over Q[x 1 , ..., x r ]. If r = 1, consider f as a polynomial in x over the rational function field L = Q(T 1 , ..., T s ), having roots α 1 , ..., α n in the algebraic closureL. If f is irreducible and separable, then these roots are distinct, and we can consider the Galois group G of f over L as a subgroup of the symmetric group S n . Then there exists a specialisation t ∈ Q s such that the resulting rational polynomial in x still is irreducible and has Galois group G over Q. In fact, if t is chosen in such a way that the specialized polynomial in x still is of degree n, and separable, then its Galois group G t over Q is a subgroup of G (well-defined up to conjugation) and it turns out that almost all specializations for t preserve the Galois group, i.e. G t = G. Hence, we start by computing the Galois group of F (a, t) overF q (a). In the sequel let k =F q and we prove Gal(F (a, t), k(a)) = S n in section 2.
2. Gal(F (a, t), k(a)) = S n Theorem 2.1. Let k =F q , q an odd prime power and a = (a 0 , a 1 , ..., a m ) be m + 1 tuple of varibles, m ≥ 2. Then, Gal(F (a, t), k(a)) = S n .
To prove Theorem 2.1, as a first step we show the following:
Proof. To prove irreducibility of F (a, t) in k(a)[t], we consider F (a, t) as a quadratic equation in the variable a 0 and show that its discriminant is square free. We have from equation (1.5),
writing, F (a, t) as a quadratic equation in a 0 , we have,
where
The discriminant of the above equation is
, is not a square by our choice of f and g. Therefore,
Hence, by Gauss lemma,
Coming to the separability of F (a, t) in t, we see that, the irreducible polynomial
is not a zero polynomial by the choice of f and g.) Hence, the result by Rudnik in [19] confirms, the polynomial F (a, t) is separable in t.
In the next proposition we prove that the Galois group of F (a, t) over k(a 0 , ..., a m ) is doubly transitive with respect to the action on the roots of F. We quickly go through the definitions of doubly transitivity as given in [page no.119, [2] ]. Let K be a field. Consider a polynomial f (y) = y n + a 1 y n−1 + ... + a n with a i ∈ K. We can factor f as f (y) = (y − α 1 )(y − α 2 )...(y − α n ), where the roots α i are in some extension field of K. Let L = K(α 1 , ..., α n ) then L is called the splitting field of K. The Galois group of L over K, denoted by Gal(L/K) is the group of all K−automorphisms of L. i.e., those field automorphisms of L which leave K, element wise fixed. Assuming L to be separable over K, and f to have no multiple factors in K[y], every member of Gal(L/K) permutes α 1 , ..., α n , and this gives an injective homomorphism of Gal(L/K) into S n whose image is called Galois group of f over K, denoted Gal(f, K). Gal(f, K) is transitive if and only if f is irreducible in K[y] and Gal(f, K), a subgroup of symmetric group S n is 2− transitive if and only if G is transitive and its one point stabilizer group G α 1 is transitive as a subgroup of S n−1. where, by definition, G α 1 = {g ∈ G|g(α 1 ) = α 1 } is thought of as a subgroup of the group of all permutations of roots {α 2 , ..., α n } of f. Note that if G is transitive, then all the one point stabilizers G α i , i = 1, 2, ..., n are isomorphic to each other. To see the equational analogue of this, we consider, f (y), an irreducible polynomial in K[y]. We throw away a root of f , say α 1 to get Proposition 2.3. For, F (a, t) defined above, the Galois group G of F (a, t) over k(a) is doubly transitive with respect to the action on the roots of F (a, t).
Proof. Proposition 2.2 implies, the Galois group G = Gal(F (a, t), k(a)) is transitive. We show that, the Galois group Gal(F (a, t), k(a)) is doubly transitive by specializing a 0 = 0. Under the specialization a 0 = 0, we havẽ
Let α ∈ k be a root off (t), by substituting, t by t + α, we may assume that, f (0) = 0. Hence, f 0 (t) =f (t)/t is a polynomial.
We first show that,
and separable in t. Separability of polynomial equation (2.2) is attained by applying the result in [19] . Now, we show that, equation(2.2) is irreducible in t. We prove this by writing, equation(2.2) as a quadratic equation in a 1 and show that, discriminant of this quadratic equation is f (t).g(t), which is not a square polynomial. Hence writing, equation(2.2) as a quadratic equation in a 1 we have
Clearly, equation ( Proof of Theorem 2.1.
Proof. Already, we have seen Galois group of F (a, t) over k(a) is doubly transitive. Hence, it only remains to show Galois group of F (a, t) over k(a) contains a tranposition. To achieve this, we first show that at some specialization a m = 0, the polynomial F (a 0 , ..., a m−1 ) has one double zero and rest (n − 2) simple zeros.
, critical values of f are distinct.
(2) The zeros β 1 , β 2 , ..., β n−1 of derivative f ′ of f are simple. i.e., critical values of f are non degenerate.
It is well known that, discriminant of a monic separable polynomial is given by,
Proposition 2.2 implies, the specialized polynomial F (a, t)|a m = 0 (equation (2.5)) is separable in t and irreducible in k(a 0 , a 1 , ..., a m−1 )[t]. We have,
Separability ofF implies for (A 0 , A 1 , ..., A m−1 ) ∈k m , the system of equations below does not have a solution in the algebraic closure of k.
Which further imply, the critical values ofF (a 0 , ..., a m−1 , t) are distinct. Proving condition (1) of Definition 2.4. Detailed explanation is given in ( [11] , Section 3 and Section 4). It remains to prove, the condition (2) of Definition 2.4, i.e., critical values ofF are non degenerate. A small calculation shows derivative ofF (t) and derivative ofF ′ (t) with respect to t have no common root. Thus, critical values ofF are non degenerate. Hence, the functioñ F (a 0 , ..., a m−1 , t) is Morse. Hence, the polynomial F (a 0 , ..., a m−1 ) has one double zero and rest (n − 2) simple zeros. Hence a transposition in G = Gal(F (a, t), k(a)) is implied by ([17] , Lemma1) which is stated below.
Lemma 2.5. Let p be a prime number and p be a prime ideal in K satisfying p|p. If f (x) ≡ (x − c) 2h (x) (mod p) for some c ∈ Z and a separable polynomialh(x) ≡ (mod p) such thath(c) ≡ 0 (mod p), then the inertia group of p over Q is either trivial or a group generated by a transposition.
By Proposition 2.3, the Galois group G of F (a, t) over k(a) is doubly transitive. Any finite doubly transitive permutation group containing a transposition is a full symmetric group ([21] Lemma, 4.4.3). Thus, Gal(F (a, t), k(a)) is isomorphic to the full symmetric group S n . Thus, Theorem 2.1 is complete.
Irreducibility Criteria
Since, Gal(F (a, t), k(a)) = S n . Now, we obtain the asymptotic for the number of irreducibles in I(p, m) for which the specialized polynomial F (A, t) is irreducible in F q [t], where A = (A 0 , A 1 , ..., A m ) ∈ F q . To attain this, we invoke an irreducibility criteria, as in [Lemma 2.8, [9] ], which reduces the above problem of finding irreducibles h ∈ I(p, m) to counting of rational points of an absolutely irreducible variety over a finite field F q . Then the required asymptotic follows by applying Lang − W eil estimate. Now, we have the following proposition. = (a 0 , a 1 , . .., a m ) be an (m + 1) tuple of variables. Let F (a, t) ∈ F q [a 0 , a 1 , ..., a m , t] be a polynomial that is separable in t and irreducible in the ring k(a)[t] with deg t F = n. Let L be the splitting field of F (a, t) over F q (a). Let k be an algebraic closure of F q . Assume that, Gal(F, k(a 0 , ..., a m )) = S n . Then the number of A = (A 0 , ..., A m ) ∈ F m+1 q for which all the specialized polynomial F (A, t), is irreducible is
Proof. This is proved in [Lemma 2.1, [7] ].
Proof of Theorem 1.1.
Proof. Let n be fixed positive integer and q an odd prime power and
We have seen, Gal(F (a, t), k(a)) = S n and F (a, t) satisfies all assumptions of Proposition 3.1. Thus the number of {(A 0 , ..., A m )} ∈ F m+1 q for which
This finishes the proof since this number equals π q (I(p, m) ). Hence,
2 ).
Cycle structure, Factorization type, Galois groups and Conjugacy classes
In previous sections, we obtained an asymptotic for the number of prime polynomials in the interval I(p, m) for the function F (x, t) = f (t) + x 2 g(t) ∈ F q [t] [x] . Here, we derive an equidistribution result (Theorem 4.4) by the function field version of Chebotarev Density theorem. We know that, factorization over F q [t] resemble cycles of permutations, below we state some known results, mainly from [18] and [3] . By definition, M n is the collection of monic polynomials of degree n consists of q n elements. Partition τ of a positive integer n is defined to be a sequence of non-increasing positive integers (c 1 , ..., c k ) such that, |τ | := c 1 + · · · + c k and |τ | = n. Definition 4.1. Every monic polynomial f ∈ F q [t] of some degree n has a factorization f = P 1 · · · P k in to irreducible monic polynomials P 1 , ..., P k ∈ F q [t], which is unique up to rearrangement. Taking degrees we obtain a partition of n given by, degP 1 + · · · + degP k of degf and its factorization type is given by
Every permutation σ ∈ S n has a cycle decomposition σ = (σ 1 ...σ k ) in to disjoint cycles σ 1 , ..., σ k which is unique up to rearrangement and each fixed point of σ has cycle length 1. If |σ i | is the length of cycle σ i , we obtain a partition of n given by
and it's cycle type to be given by τ σ = (|σ 1 | + · · · + |σ k |)
For each partition τ ⊢ n, the probability of a random permutation on n letters has a cycle structure σ is given by Cauchy's formula:
As q → ∞, the distribution over M n of factorization types tends to distribution of cycle types in S n [3] .
We consider specializations F (A, t) as described in previous sections, where A = {A 0 , A 1 , ..., A m } ∈ F q . For such an A denote by Θ (F (A, t) , the conjugacy class in S n of permutations with cycle structure (d 1 , d 2 , ...d r ) , this is the factorization class of F (A, t). For a separable polynomial f ∈ F q [t] of degree n, the Frobenius map Fr q given by (y → y q ) defines a permutation of the roots of f , which gives a well defined conjugacy class Θ(f ) of the symmetric group S n . The degrees of the prime factors of f correspond to the cycle lengths of Θ(f ). In particular, f is irreducible if and only if Θ(f ) (conjugacy class of) is a full cycle. It is known that for any fixed conjugacy class C of S n the probability of Θ (F (A, t) ) = C as A ranges over F m+1 q is determined by the Galois group G of the polynomial F (A, t) over the field F q (A) together with its standard action on the roots, up to an error term of O m,degF (q = (a 0 , a 1 , . .., a m ) be an (m + 1) tuple of variables over F q . Let k be an algebraic closure of F q . Let F (a, t) ∈ F q [a 0 , a 1 , . .., a m , t] be a polynomial that is separable in t and irreducible in the ring k(a)[t] with deg t F = n. Let L be the splitting field of F (a, t) over F q (a). Assume that,
Proof. The proof follows from Theorem 3.1 of [3] .
A variant of application of Theorem 3.1 in [3] is given in ( Theorem 2.2., [14] ).
Bateman-Horn conjecture
The classical Bateman-Horn problem is described in the introduction. In [14] , Entin has established an analogue of Bateman and Horn conjecture under the following set up. Let
, deg x F i > 0 be non-associate, irreducible and separable over F q (t), n a natural number. Let a 0 , a 1 , ..., a n be free variables, f = a n t n + ... + a 0 ∈ F q [a, t] and N i = deg t F i (t, f). Under the above assumptions, below Theorem is established.
, deg x F i = r i > 0, be non associate irreducible polynomials which are separable over F q (t) (i.e.,
and monic in x. Let n be a natural number satisfying n ≥ 3 and n ≥ slF i for 1 ≤ i ≤ m. Denote N i = r i n. Denote by µ i the number of irrducible factors into which F i (t, x) splits overF q . Then
We study the function field version of Bateman-Horn conjecture for polynomial functions defined in equation (1.4) namely
. We obtain the following result. 
is irreducible for i = 1, 2, ..., r}
Proof. The proof of this Theorem is completed, once we show that, the Galois group G is the full permutation group S n 1 × ... × S nr acting on the roots of F i (a, t) over k(a). From Lemma 2.5, we see that, Gal(F i (a, t), k(a)) ∼ = S n i . To show that, the Galois group G is the full permutation group S n 1 ×...×S nr we need to show the multiplicative independence of disc t F i (t, h) modulo squares, i.e., disc t F i (a, t) is linearly independent as elements of k(a) × /k(a) ×2 , nothing but d i , d j for i = j are non squares and are relatively prime in the ring k(a, t).
, is considered as a polynomial in t. Discriminant of a monic separable polynomial f (t) is defined by the resultant of f and f ′ :
Since, Gal(F i (a, t), k(a)) is a full symmetric group, d i is not a square in k(a) for any i. If d i , d j are not relatively prime in k(a), then they have a common root. Thus d i , d j having a common root gives the following system of equations:
But we have seen, this system does not have any solution for any ρ i , ρ j in the algebraic closure of k [page 3, [11] ]. Hence, the Galois group G = S n 1 × ... × S nr . Rest of the proof follows from [Theorem 3.1, [5] ]. Thus
Möbius sums and Chowla's conjecture
The Mertens function, given by the partial sums of Möbius function,
µ(k) is of great importance in Number Theory, where µ(k) is the Mobius function. For example, the Prime Number Theorem is logically equivalent to
the Riemann Hypothesis is equivalent to
Thus one can say M (n) is said to demonstrate square root cancellation. Keating and Rudnick have established the function field version of square root cancellation of Mobius sums in short intervals [15] . Carmon and Rudnick have resolved the function field version of the conjecture of Chowla on auto-corelation of Mobius function [11] over large finite field and proved the following result. For r, n ≥ 2, distinct polynomials α 1 , ..., α r ∈ F q [X] of degree smaller than n, q odd, and (ǫ 1 , ..., ǫ r ) ∈ {1, 2} not all even,
We show that, there is square root cancellation in Mobius sums, as well as in the auto-correlation type sums appearing in Chowla's conjecture for the function F (x, t) = f (t) + g(t)x 2 in the short interval of the form I(p, m) in large finite field (equation 1.5). For polynomials over a finite field F q , the Mobius function of a nonzero polynomial f ∈ F q [x] is defined to be µ(F ) = (−1) r if F = cP 1 , ..., P r with 0 = c ∈ F q and P 1 , ..., P r are distinct monic irreducible polynomials, and µ(F ) = 0 otherwise. The analogue of the full sum M (n) is the sum over all monic polynomials M n of given degree n, for which we have
In the next Theorem, we demonstrate square root cancellation in Mobius sums is equivalent to square root cancellation in auto correlation of Mobius sums in the short interval I(p, m) in the larger finite field limit q → ∞ and deg(p) fixed. µ (F 1 (a, t) ) ǫ 1 ...µ (F r (a, t) ) ǫr ≪ r,degF i #I(p, m) √ q (6.7)
Proof. Mobius function µ(F ) can be computed in terms of the discriminant disc(F ) of F (x) as (see [13] ) µ(F ) = (−1) degF χ 2 (disc(F )), where χ 2 is the quadratic character on F q . Then equation (6.6) becomes, χ 2 (disc(f (t) + g(t)h 2 )) (6.8)
To solve the equation (6.8), we follow the method as in [11] . Since, disc(F ) is polynomial in the coefficients of F , equation ( By Weil's theorem (the Riemann Hypothesis for curves over a finite field), which implies that for a polynomial P (t) ∈ F q [t] of positive degree, which is not proportional to a square of another polynomial (see [11] ) χ 2 (P (t)) ≤ (degP − 1) √ q, P (t) = cH 2 (t) (6.11) The implied constant depends only on n = degF (a, t).
Proof of equation (6.7) is based on the similar techniques used in proving equation(6.6) of Theorem 6.1. Therefore we have from equation (6.11)
(n i − 1) − 1 q Hence, we can conclude that square root cancellation in Mobius sums is equivalent to square root cancellation in Chowla type sums.
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